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!'_ Motivations

Needs of Quality Meshes for Molecules



Motivations

. Quality meshes facilitate protein-ligand docking
study
Representing the shape features of the proteins,
Predict the possible alignment of the protein and ligand,
Solving the Poisson-Boltzmann equation.




!'_ Previous Work

Surface Models for Molecules



Previous Work

Three existing surface models for molecules

(2) (b) (c)

Van der Waals surface Solvent accessible Molecular surface
surface



Previous Work

Disadvantage
. Lack of smoothness
. Cannot be meshed with good quality

An example of the self-intersection of molecularface



i Previous Work

Skin surfacegEdelsburnner, 1998,Cheng et al. 2004)
Smooth Surfaces

Comparison between the molecular surface model and the skin rapdgbtotein



Previous Work

. Skin surfaces serve as a better surface model for

molecules

. Disadvantaged:ack of fast meshing algorithm for
the surface and volume

. Cheng’s algorithm is slow

. Kruithof et al.’s algorithm cannot guarantee
mesh qualtly

. The tetrahedralization of the skin volume is still
open



Goal

Meshing the skin surface satisfying the
following requirements

. Efficient,

. Homeomorphido the skin surface,

. With guaranteed mesh quality.

Generating tetrahedral mesh for the skin body
satisfying

. Well graded,

. With guaranteed mesh quality.



Skin Surfaces

Definition and Geometric Properties



Skin Surfaces

. A skin surfaced-g Is specified by a set of spheres
B={bi=(z,w)l R R|i=1 n}

. The skin surface uses hyperboloid patches to
blend spheres and forms a tangent smooth
surface




Skin Definition

. Sphere algebra

. Addition

(z, W) +(z,w;) =(z +Z,,W +W; +2<7Z,7; >)
. Scalar multiplication
cXz,w)=(cxz,cXw - (1- c)[|z )
. Shrinking

(z,w)"* =(z,w,/2)

VB ={+bi |bil B}

c real number; <, > dot product



Skin Definition

. Convex hull of B

conB)={ /ib| /;=1"/;30;}
b i

B

conv(h, b))



ﬁ An Example in R

. The skinFgis the envelope of the shrunk
convex hull of B, F, = en\,/cony(B))

JconyB) eny(,/conyB))



Skin Surfaces

. It is difficult to illustrate the shape for a geaker
skin directly like the case when caBjiE2

. Use an indirect way, that is, decompose a skin
surface into simple pieces



Skin Decomposition

. Themixed comple¥; partition the space to
convex polyhedra / Mixed complex:

shrinking Minkowski sum
Mg =(Dg AVy) /2= m;

X1 B

Weighted Delaunay
triangulationDg

Weighted Voronoi
DiagramVg



ﬁ Skin Decomposition

. The skin clipped in each mixed cell is quadratic

/ Mixed complex
Skin
Adimensions,

card(X) =1, arcs
card(X) =2, hyperbola

card(X) =3, arcs (inverse)



Skin Decomposition

7 N

Sphere patches Hyperboloid patches

cardX) =1, 4 cardX) =2, 3



Curvature Property

. The radius of the maximum curvature of the skin

surface satisfies the 1-Lipschitz condition,

. This property implies that the curvature varies

slowly on the surface.



Two Examples

A protein Face model



Outline

Surface Meshing
. Adaptive Sweeping Skin Meshing Algorithm
. Skin Meshing using Restricted Union of Balls

. Volumetric Meshing

. Prioritized Delaunay Refinement Algorithm
Conclusion



Surface Meshing

q

Adaptive Sweeping Skin Meshing Algorithm



ﬁ Overview of the Algorithm

. advancing front methods



ﬁ Challenges

. Front collision problem



ﬁ Our Solution

. Predictwhere and howhe front collide by
advancing the front in a certain manner

. We use the ideas froiviorse theory



Morse Theory

. Morse theory studies the topology of a manifold
M by looking at the functiorf: M R

. Point p, Is a critical point of function If its
partial derivatives vanish in Coo(®,x,)

i i
il — L -0
o () =0 (P

. Critical point p, Is not degenerate if

2 2
TR (P
detH): O H = " %
1 f T°f

DX, (Py) 'H—X22 (Py)



ﬁ Morse Theory

. Three types of critical points on a 2-manifold,

h(p)=X*+Y*+c h(p)=X*-Y*+c h(p)=- X*-Y?+c
Minimum point Saddle point Maximum point



ﬁ Critical Points and Level Curves

. The critical points of height functid(x, y, z) =y
captures the topological changes of the level
curves

O

O 5

O



ﬁ Sweep the Triangulation Upward

Creating initial Bridge the partial
front at minima meshes at saddles

Seal the holes



ﬁ Curvature Adaptation

. How big are the triangles?

. Requirement: bounded by the homeomorphic
conditions [L] and [U]



ﬁ Adaptive Sampling

Conditions:
- [L] la- b||/2 >&r,,," abl D
) [U] Rabc <CQrabc’" abCT DT

Notations:
1) C, Qare two
constants,

2) R, circum radius
of triangle abc O

I, =max(r,,r,)
r . =min(r,r,,r,)



Triangulation Result




Summary

. The adaptive sweeping meshing algorithm

performs efficiently, and decreases the
computation time from hours to a few minutes

. The algorithm performs not robustly because of

the noisy critical points



Surface Meshing

q

Skin Meshing using Restricted Union of Balls



ﬁ Overview of the Algorithm

Integration of the 3D Delaunay triangulation into
the advancing front methods
. Sampling points using front advancing method

. Construct the Delaunay triangulation of the sample
points simultaneously

. Extract a subset of the Delaunay triangulatiornas t
surface mesh



Challenges

. Which subset of the

Delaunay triangulation is
the surface mesh?

. How to achieve a ‘good’
sample of the surface?



Restricted Delaunay Triangulation

. Asetof pointsTi F,

. Restricted Voronol
polygonofal T

ua':ua FB

Restricted Voronol
DiagramV, = v, ',al T,n't f
Restricted Delaunay
triangulationD; " of g

IS the dual ol




ﬁ -sampling of the Skin Surface

. A dense sample points set in terms of the radius
of maximum curvature



ﬁ Even / -sampling

. Using a set of balls,

. Restricted union of balls: the intersection of the
union ofr balls and the skin surface



Theorem

. |If the restricted union of balls covers the whole

surface wittO<r < //(1+ /), the RDT of the
sample points isomeomorphito the surface
and has lower bound 20onits minimum

angle.



ﬁ Construct the Restricted Union of Ball

. Start from four seed point,

. Add new points and putballs on the boundary of
the RUB

. Compute the Delaunay triangulation and extract
surface triangles and update the front



ﬁ Extract Surface Triangles

. Small radius property

. Restricted Delauany
property



Surface Mesh



Surface Meshing

Results



Surface Mesh Results



ﬁ Mesh Quality

Skin model for a protein



Quality Statistics



“ Comparing Two Meshing Algorithms

C%CI >
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ﬁ Overview of the Algorithm

. Build a coarse tetrahedral mesh for the volume

. Improve the mesh quality by inserting new mesh
vertices inside the volume



ﬁ Initial Tetrahedralization

. Build a coarse tetrahedral mesh for the volume
from the surface mesh



ﬁ Tetrahedral Quality

. Radius-edge ratio

Skinny tetrahedralL 3 C



ﬁ Quality Improvement

Delaunay Refinement

. Insert the circumcenter of the skinny tetrahedron
iteratively



ﬁ Challenges

Boundary protection

. The circumcenter of a skinny tetrahedron may be
outside the skin volume

. Result of the tetrahedral mesh not conform to the
boundary



ﬁ Prioritized Delaunay Refinement

. Insert the circumcenters from the region inside the
skin volume to the region near the surface, sq that

. The circumcenters of the skinny tetrahedra are
always inside the volume.



ﬁ Prioritized Delaunay Refinement

. Distance function



ﬁ Prioritized Delaunay Refinement



An examples



Quality Statistics

- D

_ >

Quality statistic of the tetrahedral mesh for Crandnd pdb7
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Conclusion

. Skin surfaces have desirable properties for
molecular modeling

. Quality skin meshes will advance the study of
protein-ligand docking problem



ﬁ Conclusion

Our meshing algorithms suggest new ideas for
mesh generation research

. Introduction of the Morse theory for handling tinertt
collision problem

. Integration of Delaunay triangulation into advamgin
front methods

. Prioritized Delaunay refinement for meshing the
volume of smooth surfaces



Thank you.



